We calculate the amplitude of the rare flavour-changing neutral-current decay B → π + − at large recoil of the pion. The nonlocal contributions in which the weak effective operators are combined with the electromagnetic lepton-pair emission are systematically taken into account. These amplitudes are calculated at off-shell values of the lepton-pair mass squared, q 2 < 0, employing the operator-product expansion, QCD factorization and light-cone sum rules. The results are fitted to hadronic dispersion relations in q 2 , including the intermediate vector meson contributions. The dispersion relations are then used in the physical region q 2 > 0. Our main result is the process-dependent addition ∆C (Bπ) 9 (q 2 ) to the Wilson coefficient C 9 obtained at 4m 2 < q 2 m 2 J/ψ . Together with the B → π form factors from light-cone sum rules, this quantity is used to predict the differential rate, direct CP-asymmetry and isospin asymmetry in B → π + − . We also estimate the total rate of the rare decay B → πνν.
Introduction
The first measurement of the B + → π + µ + µ − decay by the LHCb Collaboration [1] paved the way for more detailed measurements of b → d + − decays. These results will complement the available data on b → s + − decays, providing new important insight in the dynamics of flavour-changing neutral-current (FCNC) transitions in Standard Model (SM) and beyond.
One important feature of exclusive b → d + − decays is a non-vanishing direct CP-asymmetry. In Standard Model (SM) this effect is caused by the interference between the dominant short-distance contributions of semileptonic and magnetic dipole operators and the contributions of other effective operators accompanied by the electromagnetic lepton-pair emission. The amplitudes of the latter contributions are process-dependent, and are defined as hadronic matrix elements of nonlocal operator products. Importantly, the parts of the exclusive b → d + − decay amplitudes proportional to λ u ≡ V ub V * ud and λ c ≡ V cb V * cd are of the same order of Cabibbo suppression and, in addition to a relative CKM phase, have different strong phases originating from the nonlocal amplitudes. The main goal of this work is to calculate the hadronic matrix elements of nonlocal contributions to B → π + − at large recoil of the pion, that is, at small and intermediate lepton-pair mass, q An advanced theoretical description of the exclusive semileptonic FCNC decays was developed on the basis of QCD factorization (QCDF) approach [2] , applied first to the decays B → K ( * ) + − in Ref. [3] and to B → ρ + − in Ref. [4] ; see also further applications to B → K + − [5] , and to B → π + − [6] . An approach combining QCD light-cone sum rules with QCDF at q 2 > 0 for B → K ( * ) + − was used in [7] . In QCDF, the nonlocal effects in these decays are described in terms of hardscattering quark-gluon amplitudes with virtual photon emission, convoluted with light-cone distribution amplitudes (DAs) of the initial B meson and final light meson. Soft gluons, responsible for the onset of long-distance effects in the channel of the electromagnetic current, including vector resonance formation and nonfactorizable interactions with initial and final meson remain beyond the reach of QCDF. Hence, these contributions have to be kept small, protected by their power suppression. In particular, one avoids the intervals of lepton-pair mass squared q 2 in the vicinity of vector meson masses, q 2 ∼ m 2 V (V = ρ, ω, ..., J/ψ, ..), where nonlocal effects are largely influenced by long-distance quark-gluon dynamics. This constraint defines the region of applicability of QCDF, that is, roughly from q 2 min = 2 GeV 2 up to q 2 max = 6 GeV 2 . In this region, quark-hadron duality approximation is tacitly assumed for the contributions of radially excited and continuum hadronic states with the quantum numbers of light vector mesons.
Note that in the B → π + − decay, as compared to B → K + − , the role of nonlocal effects related to ρ and ω resonances in the q 2 channel grows due to the current-current operators with large Wilson coefficients in the ∼ λ u part. For the same reason, the weak annihilation combined with virtual photon emission, being suppressed in B → K + − decays, becomes one of the dominant nonlocal effects in B → π + − . In the QCDF approach one describes the weak annihilation contribution [3] in terms of a virtual photon emission off the spectator antiquark in the B meson, followed by the subsequent annihilation to a final pion state. The accuracy of this leading-power diagram approximation, presumably quite sufficient for B → K + − decay, becomes crucial for B → π + − . In this paper we calculate the nonlocal effects in B → π + − , using the method formulated in Ref. [8] and applied in Ref. [9] to B → K + − . One avoids applying QCDF directly in the physical region q 2 > 0 and calculates the amplitudes of nonlocal contributions at deep spacelike q 2 < 0, |q 2 | Λ 2 QCD , where the operator-product expansion (OPE) and QCDF can safely be used. The OPE contributions include the leading-order (LO) loops and weak annihilation, the NLO perturbative corrections to the loops and hard spectator scattering. Furthermore, we include important nonfactorizable soft-gluon effects via dedicated LCSR calculations of hadronic matrix elements. The amplitudes of nonlocal effects are then represented in a form of hadronic dispersion relations in the variable q 2 where vector mesons are included explicitly. The residues of vector-meson poles related to nonleptonic B → V π decays are fixed, using experimental data and/or QCDF estimates. The nonresonant part of the hadronic dispersion integral is parametrized combining quark-hadron duality with a polynomial ansatz. Finally, the unknown parameters in the dispersion relation, most importantly, the strong phases of resonance and nonresonant contributions are fitted to the QCD calculation at q 2 < 0. The advantage of describing nonlocal contributions to the FCNC decay amplitude in terms of hadronic dispersion relation is that the latter is valid in the whole large-recoil region specified as 4m 2 < q 2 < m 2 J/ψ . In B → π + − decays the combinations of CKM factors λ u and λ c are comparable in size. Correspondingly, we have to calculate separately two hadronic matrix elements of nonlocal effects multiplying λ u and λ c . A similar CKM separation has to be done in the amplitudes of nonleptonic B → V π decays, used to fix the residues of vector-meson poles in the hadronic dispersion relations. To obtain the separate parts of nonleptonic B → V π amplitudes for V = ρ, ω we employ the QCDF results [10] and control the resulting amplitudes with the data on branching ratios and CP-asymmetries of these nonleptonic decays.
The plan of this paper is as follows. In Sec. 2 we present the structure of the B → π + − decay amplitude and define the hadronic matrix element of nonlocal contributions. Sec. 3 contains a detailed calculation of these amplitudes at q 2 < 0. In Sec. 4 we perform the relevant numerical analysis. In Sec. 5 the necessary inputs for the nonleptonic B → V π decay amplitudes are presented. Sec. 6 is devoted to the analysis of the hadronic dispersion relations. Matching the latter to the result of QCD calculation, we then obtain ∆C (Bπ) 9 (q 2 > 0). In Sec. 7 our predictions for the observables in the B → π + − decay are presented, including the decay rate, direct CP -asymmetry and isospin-asymmetry. In Sec. 8 we estimate the rate for B → πνν decay and Sec. 9. contains the concluding discussion. The two appendices contain: 
decay amplitude
The effective weak Hamiltonian of the b → d + − transitions ( = e, µ, τ ) has the following form [11, 12] in the SM :
where λ p = V pb V * pd , (p = u, c, t) are the products of CKM matrix elements. In contrast to the b → s + − transitions, all three terms in the unitary relation have the same order of Cabibbo suppression, λ u ∼ λ c ∼ λ t ∼ λ 3 , λ being the Wolfenstein parameter. Hereafter, we assume CKM unitarity and replace λ t = −(λ u + λ c ). The local dimension-6 operators O i in (1) together with the numerical values of their Wilson coefficients C i at relevant scales are presented in the Appendix A.
The amplitude of the B → π + − decay reads:
where p µ and q µ are the four-momenta of the π-meson and lepton pair, respectively. In (2), the dominant contributions of the operators O 9,10 and O 7γ are separated ( Fig. 2) and their hadronic matrix elements are expressed in terms of the vector and tensor B → π form factors, f + Bπ (q 2 ) and f T Bπ (q 2 ), respectively, defined in the standard way:
For definiteness, hereafter we consider the and B 0 → π 0 + − , respectively, one has to use the hermitian conjugated effective operators with complex conjugated CKM factors λ * p . The current-current, quark-penguin and chromomagnetic operators in the effective Hamiltonian (1) contribute to the decay amplitude (2), with the lepton pair produced via virtual photon. After factorizing out the lepton pair, the expression for these nonlocal effects is arranged in (2) in a form of correlation functions of the time-ordered product of quark operators with the quark e.m. current, j em µ = q=u,d,s,c,b Qγ µ q, sandwiched between B and π states:
where the index p = u, c hereafter distinguishes the hadronic matrix elements in Eq.(2), multiplying, respectively, the CKM factors λ u , λ c . Substituting (5) in (2) and taking into account the conservation of the leptonic current, we write down the decay amplitude in a more compact form:
where the invariant amplitudes introduced in Eq. (5) form a process-dependent and q 2 -dependent addition to the Wilson coefficient C 9 : In Eq. (6) we also introduce the ratio of tensor and vector form factors:
In the case of b → s + − transitions, the factor λ u is usually neglected so that λ c = −λ t , and one recovers the corresponding expression for ∆C
used in Ref. [9] .
3 Nonlocal effects at spacelike q
2
In this section we present separate contributions to the nonlocal amplitudes H (u) (q 2 ) and H (c) (q 2 ) defined in (5) and calculated at q 2 < 0, in the same approximation that was adopted in Ref. [9] for B → K + − .
Factorizable loops
At leading order (LO) in the quark-gluon coupling, the contributions of the four-quark operators to B → π + − have two possible quark topologies. One of them corresponds to the factorizable quark-loop diagrams with different flavours (see Fig. 2(a) ). Their expressions are obtained from, e.g., the ones presented in Ref. [9] , separating the ∼ λ u and ∼ λ c parts:
where the common term stemming from the quark-penguin operators O 3−6 is
For the loop function we use the expression valid at q 2 < 0:
where m q is the quark mass if q = b, c, s and µ is the renormalization scale. For u-and d-quark loops the quark masses are neglected; in this case the loop function takes the form:
In Eqs. (9) and (10) the "full" B → π form factor is the same as in the contributions of O 9,10 operators to the decay amplitude (2) . For this form factor we will use LCSR results that are valid also at q 2 < 0. Note that in the LO approximation, when gluon exchanges between the loop and the rest of the diagram in Fig 2(a) are neglected, the nonlocal amplitudes H (u,c) fact,LO (q 2 ) can also be calculated within LCSR approach. One has to define the vacuum-to-pion 3-point correlation function of the B-meson interpolating current, the four-quark operator and the electromagnetic current. After the quark loop is factorized out at large spacelike q 2 , the remaining correlation function coincides with the one used to calculate the B → π form factor from LCSR. The resulting sum rule is then reduced to the loop factor multiplied by the LCSR expression for the B → π form factor, reproducing Eqs. (9), (10).
Weak annihilation
The second possible topology at LO is the weak annihilation (WA) with the diagrams shown in Fig. 2(b) . In QCDF, neglecting the inverse heavy b-quark mass corrections, the leading diagram is the one where the virtual photon is emitted off the spectator quark q = u, d in the B meson, with the resulting expression [3, 5] :
where f π and f B are the π-and B-meson decay constants, respectively, and the hard-scattering amplitude
is convoluted with the B-meson DA φ − B (ω) defined as in Refs. [13, 14] and ϕ π (u) is the twist-2 pion DA. The factor
is the combination of Wilson coefficients depending on the flavour-content of the B meson. To obtain the amplitudes H
WA (q 2 ), one takes into account that the LO kernel (15) is independent of the variable u, hence the integral over ϕ π (u) is reduced to its unit normalization. Adopting the exponential ansatz [13] for the B-meson DAs: φ
where λ B is the inverse moment, we obtain the following expression for the amplitude valid at q 2 < 0:
where
In contrast to B → K + − transitions, the WA mechanism due to the enhanced current-current operators O u 1,2 , provides one of the dominant contribution to the H (u) WA (q 2 ) amplitude in B → π + − . Moreover, the resulting difference between the WA amplitudes in B − → π − + − andB 0 → π 0 + − contributes to the isospin asymmetry in B → π + − . Since the role of WA effects becomes important, it is desirable to improve the accuracy beyond the leading diagram contribution considered here. We checked that adding all subleading diagrams in Fig. 2(b) to the virtual photon emission from the spectator quark does not produce a visible effect for the O 1,2 contributions. There still remain power suppressed corrections generated by the higher twists in the pion DAs, and the contributions of the operators O 5,6 yet unaccounted in QCDF. In the future also the perturbative nonfactorizable corrections to the diagrams in Fig. 2(b) have to be calculated. In principle, it is also possible to calculate the WA contribution employing the LCSR approach with the B-meson DAs. The correlation function will be described by the diagram similar to Fig. 2(b) , but with the on-shell pion replaced by the interpolating quark current with the virtuality p 2 . After employing the hadronic dispersion relation and quark-hadron duality in the pion channel, in the factorizable approximation, the two-point part of this correlation function will yield the QCD sum rule for the pion decay constant squared. The result for H (p) WA (q 2 ) will then yield the expression (18).
Factorizable NLO contributions
The NLO corrections to the quark loops generated by the current-current operators O u,c 1,2 are given by the two-loop diagrams shown in Fig. 3 (a),(b),(c). The contributions of quark-penguin operators are neglected, being suppressed by small Wilson coefficients and α s simultaneously. In the same order of the perturbative expansion, the chromomagnetic operator O 8g is described with the diagrams shown in Fig. 3(d) ,(e). These factorizable NLO contributions were taken into account in QCDF [3, 4] , employing the quark-level two-loop diagrams calculated in Ref. [15] (see also Refs. [16, 17] ). The NLO contribution of O c 1,2 to H (c) can be literally taken from Ref. [9] , replacing f
has the same structure, so that we can present both contribution by one compact expression:
where p = u, c. The definitions and nomenclature of the indices of the functions F
and F (7,9) 8 are the same as in Refs. [15, 16] . The only difference is that F we use the expression derived in Ref. [3] .
We remind that at NLO, the nonlocal contributions acquire the imaginary part also at q 2 < 0, that is, not related to the singularities in the variable q 2 . The origin of this imaginary part and its relation to the final-state strong interaction is the same as for B → K + − and is explained in detail in Ref. [9] . Note that analytic expressions for the two-loop virtual corrections to the matrix elements of the O u 1 and O u 2 operators are available from Ref. [17] . These expressions are valid at q 2 > 0 and agree with the expansion in q 2 /m 2 b obtained in Ref. [16] . However, we cannot use the results of Ref. [17] straightforwardly in our calculation at q 2 < 0, without separating the imaginary contributions inherent to the negative q 2 -region from the contributions appearing due to the cuts of quark-gluon diagrams at q 2 > 0. Hence, we prefer to use the expanded form of these corrections [16] in which the phases stemming from the positivity of q 2 , e.g., the terms proportional to iπ and originating from the log q 2 terms can be easily recognized and separated. As we work at sufficiently small values of |q 2 |, the accuracy of the expansion in Ref. [16] is sufficient.
Contrary to the LO contributions considered in the previous subsections, the factorizable NLO ones are not simply accessible within the LCSR approach. Indeed, in order to reach the same O(α s ) accuracy, the calculation of the underlying correlation function has to include two-loop diagrams with several scales, a task exceeding the currently reached level of complexity in the multiloop calculations.
Nonfactorizable soft-gluon contributions
We also take into account the nonfactorizable contributions to the amplitudes H (p) (q 2 ) emerging due to a soft-gluon emission from the quark loops, as shown in Fig. 4 . These hadronic matrix elements cannot be reduced to a B → π form factor. It is also not possible to attribute the soft gluon to one of the hadrons in the B → π transition. The soft-gluon contributions are nevertheless well defined at q 2 < 0 and
As shown in Ref. [8] , their suppression with respect to the factorizable loops is controlled by the powers of 1/(4m 2 c − q 2 ) and 1/|q 2 |, stemming, respectively, from the c-quark and massless loops with soft gluon. The corresponding hadronic matrix elements were first calculated for the c-quark loops in Ref. [8] for B → K ( * ) + − . The calculation was done in two steps: (1) applying the lightcone OPE at deep spacelike q 2 for the quark loop with soft-gluon emission, and (2) calculating the B → K ( * ) hadronic matrix element of the emerging quark-antiquarkgluon operator using LCSRs with the B-meson three-particle DAs. Completing this result to include the loops with all possible quark flavours is straightforward and was already done for B → K + − in Ref. [9] ; to obtain the corresponding contribution to H (c) (q 2 ) in B → π + − , we only need to replace the kaon by the pion. The soft-gluon nonfactorizable contribution of the operator O u 1 contributing to H (u) (q 2 ), is also easily obtained. The result for this contribution is cast in a compact form:
A cumbersome expression for the nonfactorizable hadronic matrix elementÃ(m 2 q , q 2 ) obtained from LCSR can be found in Ref. [8] ,(see Eq. (4.8) therein), where the dependence on the quark mass squared is explicitly shown and is indicated in the above expression. To adjust this expression to the B → π + − transition, one has to replace the decay constant, meson mass and threshold parameter in this equation:
, thus taking into account the flavour SU (3) violation. In the sum rule forÃ(m 2 q , q 2 ), we use the ansatz for the three-particle B-meson DAs suggested in Ref. [23] , with the parameter λ 2 E = 3/2λ 2 B , directly related to the inverse moment of the two-particle DA φ + B specified in Eq. (17) . The soft-gluon contribution of the chromomagnetic operator O 8g is described by the diagram in Fig. 4b , where instead of the loop factor, one has a pointlike emission of the soft gluon field. One modifies the correlation function accordingly and arrives at the LCSR that was already derived in Ref. [9] and presented in Eq. (4.7) therein 2 . Making the necessary replacements for B → π + − , we obtain
As in the case of B → K + − transitions, this contribution turns out to be very small.
Nonfactorizable spectator scattering
An important nonlocal contribution to the B → π + − amplitude in NLO emerges due to a hard gluon emitted from the intermediate quark loop or from the O 8g -operator vertex, and absorbed by the spectator quark in the B → π transition, as shown in Fig. 5 . Following [9] , we will use the QCDF result [3] for this contribution. The following expression is valid for both p = u and p = c parts of the nonlocal amplitude:
The hard-scattering kernels entering the above expression have the form:
where Q q is the electric charge of the spectator quark in the B-meson (q = u, d) and the functions t (u, m q ) and h(m 2 q , q 2 ) can be found in Ref. [3] . The two-particle B-meson DAs φ ± B (ω) are given in Eq. (17); for the twist-2 pion DA we employ the standard Gegenbauer expansion:
The fact that the amplitudes in (22) depend on the charge of the spectator quark in the B meson triggers another important contribution to the isospin asymmetry in B → π + − . Summing up all contributions considered in this section, we obtain the two nonlocal amplitudes in the adopted approximation:
Numerical analysis
Here we perform the numerical analysis of the nonlocal amplitudes (26) at spacelike q 2 < 0, more definitely, in the region 1 GeV 2 ≤ |q 2 | 4 GeV 2 , where the OPE and QCDF approximation can be trusted. The input parameters and references to their source are listed in Table 1 , the charged and neutral B-meson and pion masses are taken from [18] , and the numerical values of the Wilson coefficients are presented in the Appendix A. As a default renormalization and factorization scale we assume µ = 3 GeV, the same as in Ref. [9] . It will be varied in the interval 2.5 < µ < 4.5 GeV to study the µ dependence.
For the vector B → π form factor the most recent update [19] of LCSR prediction is adopted, in a form fitted to the three-parameter BCL parameterization: tot (q 2 ) is the sum of the separate contributions specified in Eq. (26) .
where the normalization and shape parameters are presented in Table 1 . The decay constant of B meson is determined from twopoint sum rules, where we use the recent analysis [20] ; the inverse moment of the B-meson DA is also represented by the interval of QCD sum rule prediction [21] . The intervals of Gegenbauer moments in the pion DAs used in the QCDF expressions are the same as in the LCSR for the B → π form factor [19, 22] .
Substituting the central input in the expressions presented in the previous section, we calculate the two amplitudes H (u) (q 2 < 0) and H (c) (q 2 < 0) for B − → π − + − and plot their real and imaginary parts in Figs. 6 and 7, respectively, showing also the separate contributions. For comparison, the amplitude H (u) (q 2 < 0) is plotted in Fig. 8 forB 0 → π 0 + − , whereas the amplitude H (c) (q 2 < 0) for the latter mode is numerically similar to the one for B − → π − + − and is not shown. The same as in Fig.6 for the amplitude
From the numerical analysis we can draw several conclusions: (a) The contributions to H (c) (q 2 ) are approximately the same as the corresponding ones for the B → K + − obtained in Ref. [9] , the differences reflect the violation of the flavour SU (3) symmetry;
(b) The contributions to Fig. 6 are clearly dominated by the weak annihilation term, enhancing the real part of H (u) (q 2 ) considerably. This effect is less pronounced forB 0 → π − + − , as expected; (c) The nonfactorizable soft-gluon contribution due to the operators O u,c 1,2 are important and the corresponding contributions of O 3−6 are not negligible. Meanwhile, the contribution due to the operator O 8g with a soft-gluon is very small. The uncertainties of the functions H (c) (q 2 < 0) and H (u) (q 2 < 0) are estimated varying the inputs within their adopted intervals indicated in Table 1 . The largest uncertainties originate from the variation of f B , λ B and the correlated variation of the parameters of f + Bπ . To stay on the conservative side, we neglect possible correlations between the individual input entries in Table 1 . We also varied the renor- malization/factorization scale around the default "optimal" value µ = 3.0 GeV. The results do not significantly change the estimated total uncertainty and we therefore neglect the scale dependence in the error estimates performed below.
Nonleptonic B → V π decay amplitudes
We now turn to weak nonleptonic B → V π decays with neutral vector mesons V = ρ 0 , ω, φ, J/ψ, ψ(2S) in the final state. The intervals of the absolute values of their amplitudes have to be estimated and used as an input in the hadronic dispersion relations for H (u,c) (q 2 ) to be fitted to the calculated H (u,c) (q 2 < 0). The amplitude of a B − → V π − decay is parametrized as: 
where λ(a, b, c) = a 2 + b 2 + c 2 − 2ab − 2ac − 2bc. In the above, we explicitly isolate the relative strong phase δ between the amplitudes A 
Analogous (28) and (30), but the presence of the third unknown parameter, the relative strong phase, hinders the determination. Therefore, the situation is more complex here than for the nonleptonic B → V K decays used in the analysis of B → K + − in Ref. [9] where only the contributions proportional to λ c were retained and the amplitudes |A c BV K | were directly obtained from the measured B → V K branching fractions.
On the other hand, there is a possibility to estimate separate contributions to the nonleptonic amplitudes applying the QCDF approach [2] . The latter is known to provide a reasonably good description of the charmless channels
Here we use the results of Ref. [10] where the QCDF description for B → V P decays was elaborated in detail. The necessary expressions for the amplitude decomposition and the additional input parameters including the B → V form factors, decay constants and the Gegenbauer moments of the DAs of V = ρ, ω are collected in Appendix B. The resulting absolute values of the amplitudes are presented in Table 2 . To check the validity of these estimates, we calculated the observables (28) and (30) , and compared the results with the experiment and with the earlier predictions of Ref. [10] (see Table 3 ), observing a reasonable agreement. In the transition from the widths to branching fractions we use the lifetimes of B mesons from Ref. [18] . Note that in the dispersion relations we will not isolate the [18] , being significantly smaller than the measured branching fractions of B − → ρ(ω)π − decays (see Table 3 ) convinces us that the intermediate φ-meson contribution to B → π + − is small. Furthermore we do not separate the radial excitations ρ , ..., ω , ..., approximating their contributions to the hadronic spectral density by the quark-hadron duality ansatz; hence we do not need to consider here the nonleptonic decays of the type B → ρ (1450)π.
Channel
Observable Experiment QCDF [10] QCDF, this work 
6.9 ± 0.5 8.8
+2.6 −1.6
A CP −0.04 ± 0.06 −0.02 ± 0.04 −0.06 ± 0.06 Table 3 : Comparison of the experimental data [18] and theoretical predictions for the observables in the nonleptonic B → ρ(ω)π decays.
For the neutral B 0 → V π 0 modes, the QCDF prediction [10] fails to predict the partial width B 0 → ρ 0 π 0 , the experimental value being significantly larger. Without going into more detailed discussion of this problem, guided by the hierarchy of amplitudes in the charged mode, A Table 2 . Turning to the charmonium channels B → ψπ, where ψ = J/ψ, ψ(2S), we do not expect the QCDF approach to work there due to a heavy final state and enhanced nonfactorizable, power suppressed effects (see, e.g., the discussion in Ref. [8] ). On the other hand, one anticipates that these nonleptonic decays are dominated by the emission topology due to the operators O In this situation the relative strong phase does not considerably influence the extraction of the large ∼ λ c term , whereas the uncertainty of the small ∼ λ u term is tolerable. Therefore, we use the current experimental data on the branching fractions and CP -asymmetries of the above decays [18] and perform the fit of these data to the Eqs. (29) Table 2 . Finally, for the neutralB 0 → ψπ 0 modes, we make use of the isospin symmetry relation:
B − ψπ − , since for the dominant ψ emission mechanism of these decays there is only one independent isospin amplitude. This assumption is supported by the measurement [18] yielding
The resulting estimates are also presented in Table 2 .
Hadronic dispersion relations
Following Refs. [8, 9] , the invariant amplitudes H (u) (q 2 ) and H (c) (q 2 ) are represented in a form of hadronic dispersion relations in the variable q 2 , inserting the total set of hadronic intermediate states between the electromagnetic current and the effective operators in the correlation functions (5):
where the ground-state vector mesons (except φ) are isolated and the integral describes the contribution of excited and continuum contributions starting from s h = 4m 2 π , the lowest hadronic threshold 3 . To achieve a better convergence, we implement one subtraction at q 2 0 = −1.0 GeV 2 in Eq. (31). In the above, the masses and total widths of the vector mesons V = ρ 0 , ω, J/ψ, ψ(2S) are taken from Ref. [18] . Their decay constants are defined as
where the coefficients k V are determined by the valence-quark content of V and the quark charges: Table 2 .
At q 2 < 0, more specifically, in the region −4.0 GeV 2 ≤ q 2 ≤ −1.0 GeV 2 , we substitute in the l.h.s of the relations (31) the result for H (p) (q 2 ) specified in Eq. (26), calculating simultaneously the subtraction terms at q 2 0 = −1.0 GeV 2 . The task is then to fit the free parameters on the r.h.s. of the hadronic dispersion relations. Importantly, each V -pole residue in Eq. (31) for p = u or p = c has a relative phase with respect to the other vector-meson contributions and to the integral over ρ In what follows, we attribute a phase to each V -pole term:
To reduce the number of free parameters, we fix the phase differences:
calculating it from QCDF, as explained in the previous section. Note that for the neutral mode the contribution of the ω-meson is neglected and the corresponding difference is irrelevant. The three remaining phases δ
J/ψ and δ (p) ψ(2S) for each p = u, c are included into the set of fit parameters. This set will be completed below by the fit parameters of the integrals over ρ − contribute. We make extensive use of the standard quark-hadron duality ansatz employed in the QCD sum rules [27] for the vector-meson channels. The integral over the hadronic spectral density ρ (p) h (s) including ρ , ω , ... and continuum states with the ρ and ω quantum numbers is replaced by the spectral density calculated from OPE:
where only the LO contributions are taken into account, including the leading-order quark loops and weak annihilation diagrams. The indices {u, d} and {s} mean that only the diagrams with u, d and s quarks, respectively, are taken into account. The duality threshold s 0 1.5 GeV 2 is chosen in accordance with the analysis of QCD sum rules in the light vector-meson channels. In the contribution of the intermediatē ss hadronic states to the spectral density ρ (p) h (s) (the last term in (35)) we include also the small φ-meson pole contribution. This is reflected by the choice of a lower effective threshold parameters 0 = 4m 2 K
GeV
2 . Taking at s = (q 2 + i ) the imaginary parts of the loop function (12):
and of the WA contribution (18):
we obtain
and a similar expression:
The two above expressions specify the adopted ansatz (35) at s h < s < 4m 2 D . Note that in the LO approximation, the spectral densities ρ (p) h (s) are real functions. Following Ref. [9] we slightly modify the denominator in the dispersion integral over
2 is the effective energy-dependent width, where the θ function ensures that this width is absent at negative q 2 . This modification allows one to transform the smooth duality-driven spectral density towards more realistic series of equidistant vector mesons (cf. the model for the pion timelike form factor used in Ref. [26] ). The addition of NLO corrections to the LO approximation for the duality ansatz remains a difficult task for a future improvement, involving a calculation of the spectral densities of the diagrams in Figs. 3 and 5 .
The spectral densities ρ h (s) will not adequately reflect the complicated resonance-continuum structure of the hadronic spectral density. On the other hand, we only need this part of the integral at relatively small q 2 < m 2 J/ψ , hence following Ref. [9] , we use a simple expansion in the powers of q 2 /4m 2 D , truncating it at the first order:
where a u,c = |a u,c |e iφa and b u,c = |b u,c |e iφ b are two unknown complex parameters. Note that in Ref. [9] other parameterizations of the dispersion integral were also probed, and the results in the large recoil region were numerically close to the ones obtained with Eq. (40), hence we will only consider this choice.
Finally, the dispersion relations (31) take the following form:
These two relation at p = u and p = c are then separately fitted to the OPE result obtained for the l.h.s. at q 2 < 0. After that we can use the dispersion form of H (p) (q 2 ) in q 2 > 0 and calculate the correction to the Wilson coefficient ∆C 9 (q 2 ) defined in (7) in the whole large recoil region which we specify as:
The resulting plots are presented in (q 2 ). At q 2 above the J/ψ region our approach ceases to work, mostly because the contribution of the hadronic dispersion integral (40) to the dispersion relation increases and the simple polynomial parametrization cannot be used. This is also reflected by the growth of the uncertainties.
A few comments on the fit procedure of Eq. (41) are in order. Here we only discuss the B ∓ → π ∓ + + − decay, as the case of the neutral B decays is very similar. We represent the results of our calculation at negative q 2 values as "data" points and perform a χ 2 fit for our "model function" (dispersion relation), which is valid in both positive and negative q 2 regions, to the obtained points. As a technical remark: the fit is performed by collecting in the "data" all parts of Eq. (41) which contains no fit parameters, i.e. only the resonance contributions (amplitudes and phases) and the polynomial continuum parameters are included in the "model function". Furthermore, we include the error correlation of the respective points at negative q 2 , and, in addition, also of the parameter f coefficients of the "data" are obtained by varying the input parameters within their intervals given in Table 1 , while assuming no correlation between the parameters themselves. Thus, we include two correlated "data" sets in the fit for both charged B-meson transitions, namely, the real and imaginary parts of H (u) and H (c) . We assume a gaussian error interval of the input parameters for this procedure and a maximum error correlation of 80% for the numerical stability, providing also a more conservative estimate. As expected, the error correlation between the "data" points is very large and usually exceeds 80%. In addition, we find a positive correlation of, respectively, ∼ 1%(10%) for the real part and of ∼ 40%(1%) for the imaginary part of H (u) (H (c) ) with f (q 2 ), we substitute this function in the amplitude (6) of the B → π + − decay and predict the observables in the accessible dilepton mass region (42). The only element in the complete decay amplitude, that was not specified so far, is the ratio (8) of tensor and vector B → π form factors entering the contribution of the O 7γ operator. To obtain it, we evaluate the ratio of LCSR's for both form factors obtained in Ref. [28] . The q 2 -dependence turns out to be negligible in the whole region of validity of the sum rules, which covers the region (42), and we obtain:
The observables in B → π + − include the differential branching fraction, direct CP -asymmetry and isospin asymmetry. Note that in SM the angular distribution in B → π + − at fixed q 2 is reduced to an overall factor (1 − cos 2 Θ) in the double differential distribution where Θ is the angle between the momentum of the lepton − and the momentum of the B-meson in the dilepton center mass frame. In particular, the forward-backward asymmetry in B → π + − vanishes in the SM. Hence, it is sufficient to calculate the dilepton invariant mass distribution of the branching fraction: 
The predicted binned branching fractions within the region (42) are presented in Table 4 for all four flavour/charge combinations. The most interesting characteristics of the B → π + − decay in SM is the q 2 -dependent direct CP -asymmetry defined for the charged B-meson modes as:
The asymmetry for the neutral B-meson modes denoted as A Anticipating the future measurements of the q 2 -averaged bins of CP -asymmetry, we also calculate
and the analogous binned asymmetry A0
] for the neutral B-meson modes. Our predictions are collected in Table 4 .
Finally, an important indicator of the spectator-dependent nonlocal effects, such as weak annihilation, is a nonvanishing differential isospin asymmetry defined as:
where the differential widths are understood as the CP-averaged ones. Our result is presented in Fig 14 and the corresponding q 2 -bins of isospin asymmetry: are given in Table 4 . Concluding the analysis of observables in B → π + − , we notice that the magnitude of the predicted direct CP -asymmetry for the charged B decay modes is quite visible; for the neutral B decays this effect is expected to be small. In this and other observables our analysis generates large uncertainties in the region adjacent to J/ψ, whereas the uncertainties in the ρ and ω region are significantly smaller. This is partly caused by the use of QCDF to fix the relative phase between the nonleptonic amplitudes with ρ and ω, which probably leads to a slight underestimate of the errors in the resonance region.
The B → πνν decay
The semileptonic FCNC decay B → πνν is closely related to the charged lepton channel. Theoretically, this process is a very clean test of the SM, involving a single effective operator similar to O 10 , whereas the nonlocal effects studied above are absent. Hence, we are in a position to predict the branching fraction of this decay with a better accuracy than for the B → π + − . The only hadronic input in B → πνν is the vector B → π form factor. The LCSR form factor [19] given in (27) , provides an extrapolation beyond the large recoil region up to the kinematical limit q 2 = (m B − m π ) 2 , revealing a good agreement with the lattice QCD results in the low recoil region. We use this form factor to predict the total branching fraction of the B → πνν decay.
The effective Hamiltonian encompassing the b → dνν transition in the SM can be written as:
with the (scale-independent) Wilson coefficient: W and the functions X 0 (x) and X 1 (x) can be found in Ref. [12] . The differential branching fraction of the B − → π − νν decay summed over neutrino flavours has the form:
Substituting the form factor f + Bπ (q 2 ) from Eq. (27) , the numerical values of the Wilson coefficient C 10ν = −6.79 and other parameters in Eq. (52), we obtain the differential branching fraction shown in Fig. 15 . Integrating it over 0 < q 2 < (m B − m π ) 2 we obtain:
Despite the fact that this branching fraction is well within the reach of B-physics experiments, a severe problem is the identification of the final state with respect to the background.
Conclusion
In this paper we calculated the hadronic input for the rare FCNC decay B → π + − in the large recoil region of the pion, i.e., at small and intermediate leptonpair masses up to the J/ψ mass. We focused on the most difficult problem in the theory of these decays: the effects generated by a nonlocal overlap of the pointlike weak transition with the electromagnetic lepton-pair emission. At q 2 > 0 the nonlocality involves long distances, including the formation of hadronic resonances -the vector mesons. On the other hand, this part of the decay amplitude is not simply a background for the FCNC b → d + − transition, but provides the strong-interaction phase. The latter, combined with the CKM phase, generates the unique characteristics of the B → π + − decay in SM, that is the q 2 -dependent direct CP-asymmetry, suppressed in the b → s + − decays. To avoid the complications related to the long-distance part of the nonlocal effects, we employed the method used earlier in Ref. [9] for B → K + − . The nonlocal contributions to B → π + − transitions were calculated one by one, combining QCDF and LCSRs at spacelike q 2 < 0, where the quark-level diagrams are well defined and the nonlocality is effectively reduced to the distances of O(1/ |q 2 |). We also used the recently updated [19] B → π form factor from LCSR. The accuracy of our calculation is characterized by taking into account, in addition to the factorizable quark-loop effects and the factorizable NLO corrections, also the important nonfactorizable contributions: the soft gluon emission, spectator scattering and weak annihilation. We then combined the quark-level calculation with the hadronic dispersion relation and fitted the parameters of the latter to access the q 2 > 0 region. The main result of our calculation is presented in a form of the q 2 -dependent and process-specific correction ∆C (q 2 ), we also estimated the uncertainties due to the input parameter variation. We predicted the observables in B → π + − , including the differential branching fraction, direct CP -asymmetry and the isospin asymmetry. The main advantage of the method used in this paper is the possibility to access the ρ, ω resonance region and, simultaneously, to approach the charmonium region from below.
The accuracy of the calculation carried out in this paper can be improved further. On the theory side it is worth to calculate the nonlocal contributions using entirely LCSRs instead of the QCDF approximation. This will allow one to assess the missing power corrections. Such analysis is possible at least for the weak annihilation and for the hard spectator contributions. A more elaborated ansatz for the hadronic dispersion relation, including the radial excitations of light vector mesons, is also desirable. For that, more accurate data on the B → V π nonleptonic decays and a better understanding of the structure of various nonleptonic amplitudes are needed.
Let us compare our results with the two most recent analyses of the B → π + − decay. In [29] , only the factorizable nonlocal contributions were taken into account, approximated by the quark-level diagrams at positive q 2 , embedded in the shortdistance coefficients. Only the differential branching fraction was calculated, with no prediction for the CP -asymmetry. In [6] , the QCDF method was systematically used at positive q 2 , therefore the resonance region of q 2 was not accessible. In the region between 2 GeV 2 and 6 GeV 2 the branching fraction obtained in [6] is somewhat smaller than our result, whereas the CP -asymmetry is close to our prediction.
We emphasize that our method produces a quantitative estimate of the nonlocal effects in the whole large-recoil region, starting from the kinematical threshold of the lepton-pair production. The price to pay is a model dependence of the ansatz for the dispersion relation, related to the nonleptonic B → V π decays. The function ∆C 
C 2 -0.360 -0.324 -0.255 
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4.514 4.462 4.293 taking into account that ρ ρ (1 + λ 2 /2) and η η (1 + λ 2 /2) and using the current values [18] i (M 1 M 2 ) (weak annihilation) can be found in [2, 10] . They were calculated in QCDF in terms of the perturbative kernels convoluted with the DAs of the B meson, pion and ρ(ω) meson. The latter DAs include the Gegenbauer moments a ρ(ω) 2 and a ρ,⊥ 2 , similar to the ones that are contained in the pion twist-2 DA (25) .
For the numerical analysis of the B − → ρ(ω)π amplitudes we need additional input parameters listed in Table 9 , where, in order to decrease the uncertainty, the A Table 6 : Additional input parameters related to the light vector mesons and used in the QCDF amplitudes of B → ρ(ω)π decays.
